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In addition to the diagonalization of a normal matrix by a unitary similarity transfor-
mation, there are two other types of diagonalization procedures that sometimes arise
in quantum theory applications — the singular value decomposition and the Autonne—
Takagi factorization. In this pedagogical review, each of these diagonalization procedures
is performed for the most general 2 X 2 matrices for which the corresponding diagonal-
ization is possible, and explicit analytical results are provided in each of the three cases.
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1. Introduction

In quantum physics, some problems can be reduced to two state systems. The solu-
tion to these problems involves the diagonalization of the 2 x 2 Hermitian matrix
Hamiltonian H, which consists of reducing H via a unitary similarity transforma-
tion to a diagonal matrix whose elements are the (real) eigenvalues of H. Instead
of repeating the diagonalization every time a problem of this type arises, it is con-
venient to solve it once and for all by considering the diagonalization of a general
2 x 2 Hermitian matrix. In fact, it is possible to be slightly more general. Recall
that a matrix is normal (i.e. the matrix commutes with its Hermitian adjoint) if
and only if it is diagonalizable by a unitary similarity transformation (see, e.g.
Theorem 2.5.3 of Ref. 1). Hence, this pedagogical review will begin by providing
the explicit diagonalization of a general 2 x 2 normal matrix.

Two additional diagonalization procedures often arise in the quantum field theo-
ries of fermions (see, e.g. Ref. 2). The fermion mass eigenstates are identified by
reducing the fermion mass matrix to diagonal form. But, in such problems, the
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relevant diagonalization procedure is not carried out by a unitary similarity trans-
formation. In general, the mass matrix that arises in a theory of charged fermions is
a complex matrix with no other special features. The relevant diagonalization proce-
dure is called the singular value decomposition of a complex matrix (see, e.g. Refs. 1
and 3). This decomposition produces a diagonal matrix whose diagonal elements are
real and non-negative, corresponding to the physical masses of the charged fermions.
In contrast, the mass matrix that arises in a theory of neutral (Majorana) fermions
is a complex symmetric matrix. The relevant diagonalization procedure is called the
Autonne-Takagi factorization of a complex symmetric matrix.*® This factorization
also produces a diagonal matrix whose diagonal elements are real and non-negative,
corresponding to the physical masses of the neutral fermions.

In this review, we apply the three diagonalization procedures mentioned above
to a complex normal matrix, an arbitrary complex matrix, and a complex symmetric
matrix, respectively. In each case, we diagonalize the corresponding 2 x 2 matrix
explicitly and provide analytic results for the corresponding diagonalizing matrix
and for the elements of the resulting diagonal matrix.

2. The Diagonalization of a 2 X 2 Normal Matrix by a
Unitary Similarity Transformation

Consider a general 2 x 2 complex matrix,

N:(‘C‘ Z) (1)

Then, N is normal if

NTN = NNT. (2)
Inserting Eq. (1) into Eq. (2), it follows that®
bl = lel, Im[(d—a)e™"**7/2] =0, (3)
where
a=argh, [=argc. (4)

It is then straightforward to verify that the matrix

_ 0 [blei(e=R)/2
_ _—i(a+p)/2 =
A= AN —allyy,) = <|b|e—i(a—6)/2 (d — a)e=iletp)/2 |2 ®)

is Hermitian, where 15y is the 2 x 2 identity matrix.
The diagonalization of N by a unitary similarity transformation is given by,

0
U—iNU = (M ) 6
(0 M2 ( )

aEquations (3) and (5) have been inspired by Subsec. 2.5, Problem 29 of Ref. 1.
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where p1 and po are the complex eigenvalues of IV,

1 }
pro= o+ dF fa— P+ appeton). ™

Using Eq. (5), it follows that
UINU = e @tD2U=1 AU + allgys . (8)

Hence, to diagonalize N, we must diagonalize the Hermitian matrix A. We will
carry out this procedure in Sec. 3, which will provide an explicit expression for the
diagonalizing matrix U.

The eigenvalues of an Hermitian matrix are real. Denoting the eigenvalues of A
by A1 and As, one easily obtains

1 : .
)\172 — 5 (d _ a)efl(a+ﬁ)/2 F \/[(d — a)e*i(a+6)/2]2 —+ 4|b|2:| . (9)

Note that in light of Eq. (3), it follows that A; and Ay are real numbers. Hence,
Eq. (8) yields,
P12 = e"(o‘+'ﬁ)/2)\1’2 +a. (10)

It is straightforward to check that Eqgs. (7) and (10) are equivalent.

3. The Diagonalization of a 2 X 2 Hermitian Matrix by a
Unitary Similarity Transformation

Consider a general 2 x 2 Hermitian matrix

A= <Ca Z) (11)

where a and b are real numbers and the complex number ¢ expressed in polar
exponential form is given by,

c=|cle!”, where 0 < ¢ < 2r. (12)

The eigenvalues are the roots of the characteristic equation:

det(ac*)\ bCA) =(@—=MNb-=X)—|c>=A = Xa+b)+ (ab—|c]>) =0. (13)
Noting that (a+b)? —4(ab—|c|?) = (a—b)?+4|c|?, the two roots can be written as:

1

1
/\1:§[a—|—b— (a—1b)%2+4|c[?] and )\2:§[a+b+\/(a—b)2+4|c|2},

(14)

where by convention we take A1 < As. As expected, the eigenvalues of the Hermitian
matrix A are real.
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An Hermitian matrix can be diagonalized by a unitary matrix U,

A0
-1 _ 1
v (30, -

where \; and A are the eigenvalues obtained in Eq. (14). Note that one can always
transform U — €U without modifying Eq. (15), since the phase factor cancels
out. Since det U is a complex number of unit modulus, one can choose det U = 1 in
Eq. (15) without loss of generality. The most general 2 X 2 unitary matrix of unit
determinant can be written as,

U— e'B cos @ €X sin 0
T \—e ™Xginh e Pecosh)”

The columns of U are the normalized eigenvectors of A corresponding to the eigen-
values A1 and As, respectively. But, we are always free to multiply any normalized
eigenvector by an arbitrary complex phase factor. Thus, without loss of generality,
we can choose § = 0 and cosf > 0. Moreover, the sign of sinf can always be
absorbed into the definition of x. Hence, we will take

cos € gin 6
U= (eix sinf  cosf ) ’ (16)

where

1
0§9§§T( and 0<y<2m. (17)

We now plug in Eq. (16) into Eq. (15). Since the off-diagonal terms must vanish,
one obtains constraints on the angles # and y. In particular,

vty = s? —eXsin @ a |cle’? cos § ¢X sin 0
e~ sinf cos |C|€7iq5 b —e "X gin 6 cos

cosf —eX siné
e "Xginf cosf

lcle=% cos @ — be~Xsin® |cle” ") sinf + bcosf
(n Z
ERVARDYYA

A1 = acos? 0 — 2|c| cos O sin 6§ cos(¢p — x) + bsin? 6, (18)

( acosf — |c|e!® X sinh  aeXsinf + |c|e’® cos b )

where

Ao = asin? @ + 2|¢| cos @ sin A cos(¢p — x) + beos? 6, (19)
Z = eX{(a—b)cosfsind + |c|[e"?7¥) cos?§ — e sin? 9]} . (20)
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The vanishing of the off-diagonal elements of U1 AU implies that
(a —b) cosfsinb + || [ei(d’_X) cos? 0 — e~(@70) gin? 6] =0.

This is a complex equation. Taking real and imaginary parts yields two real
equations,

1
i(afb) sin 260 + |¢| cos 26 cos(¢p — x) =0, (21)

le]sin(6 — x) = 0. (22)
Consider first the special case of ¢ = 0. Then, in light of our convention that
>\1 S )\Qa

c=0 and a<b = 6 =0and y is undefined,
1
c=0 and a>b = 0= 37 and x is undefined

c=0 and a=b = @ and x are undefined.

In particular, if ¢ = 0 and @ = b, then A = alyyo and it follows that U1 AU =
U~'U = alyyso, which is satisfied for any unitary matrix U. Consequently, in this
limit # and x are arbitrary and hence undefined, as indicated above.

If ¢ # 0 then Eq. (22) yields

sin(p —x) =0 and cos(¢—x) =¢, wheree==1. (23)

We can determine the sign ¢ as follows. Since A; < Ay, we subtract Egs. (18) and
(19) and make use of Eq. (23) to obtain,

(a —b) cos26 — 2¢|c|sin26 > 0. (24)
Likewise, we insert Eq. (23) into Eq. (21), which yields
(a — b)sin 20 + 2¢|c|cos20 = 0. (25)

Finally, we multiply Eq. (24) by sin 260 and Eq. (25) by cos 26 and subtract the two
resulting equations. The end result is,

2elc| > 0. (26)

By assumption, ¢ # 0. Thus, it follows that € > 0. Since ¢ = +1, we can conclude
that ¢ = 1. Hence,

cos(p—x)=1 forc#0. (27)

By the conventions established in Egs. (12) and (17), we take 0 < ¢, x < 27. Hence,
it follows that

X=¢. (28)
We can now determine 6. Inserting Eq. (27) into Eq. (21) yields
2
tan29:£ forc#0and a #b. (29)
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Note that if @ = b, then Eq. (25) yields cos26 = 0. In light of Eq. (17),
1
c#0 and a:b:>9:17r. (30)

If ¢ # 0 and a # b, then we can use Eq. (29) with the convention that sin 26 > 0
[cf. Eq. (17)] to conclude that

2
sin 20 = l : (31)
V(b —a)? + 4|c|?
h—
cos 20 = ¢ . (32)
V(b —a)? + 4|c|?
Using the well known identity, tan 8 = (1 — cos 260)/sin 26, it follows that
_b b— a2+ 4l
tang = 2 V(b= a) + 4l (33)
2|c]
which is manifestly positive. It then follows that
1/2
. a—b+/(b—a)?+4|c]?
sinf = ,
24/(b—a)? +4|c|?
(34)

1/2
b—a++/(b—a)?+4|c?
cosf =
24/(b—a)? +4|c|?

Indeed, the above results imply that the sign of b—a determines whether 0 < 6 < %7‘(‘
or iﬂ' <0< %77. The former corresponds to a < b while the latter corresponds to
a > b. The borderline case of a = b has already been treated in Eq. (30).

To summarize, if ¢ # 0, then Egs. (28), (31) and (32) uniquely specify the
diagonalizing matrix U [in the conventions specified in Egs. (12) and (17)]. When
c=0 and a # b, it follows that x is arbitrary and § = 0 or %ﬂ' for the two cases of
a < bor a > b, respectively.” Finally, if c = 0 and @ = b, then A = alyyo, in which
case U is arbitrary.

4. The Diagonalization of a 2 X 2 Real Symmetric Matrix by
an Orthogonal Similarity Transformation

In this section, we consider a special case of the one treated in Sec. 3 in which
the matrix A given in Eq. (11) is real. That is, ¢ = ¢*, in which case A is a real
symmetric matrix that can be diagonalized by a real orthogonal matrix. The two
eigenvalues are still given by Eq. (14) in the convention that A\; < Ag, although
the absolute values signs are no longer needed since for real values of ¢, we have

bNote that in the case of ¢ = 0 and a > b, the matrix A is diagonal. Nevertheless, the “diagonal-
izing” matrix, U # Ll2x2. Indeed, in this case § = %71'7 and U~1AU simply interchanges the two
diagonal elements of A to ensure that A1 < A2 in Eq. (15), as required by the convention adopted

below Eq. (14).
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lc|> = 2. Moreover, since c is real, Eq. (12) implies that if ¢ # 0 then ¢ = 0 or
¢ = m. Equation (28) then yields

0 forc#0and ¢ =0,
‘= (35)
m forc#0and ¢ =,
which is equivalent to the statement that
eX =sgnc forreal c #0. (36)

It is convenient to redefine § — fsgnc in Eq. (16). With this modification, the
range of # can be taken as®

1 1

The diagonalizing matrix U is now a real orthogonal 2 X 2 matrix,

c>0 = 0<0<ir,
), where c=0 ES S 0:001‘9:%71‘, (38)

U( cosf sind
c<0 = -ir<6<O0.

—sinf cos6

Hence, for real ¢ # 0 with the range of 6 specified in Eq. (37), we see that
Egs. (29) and (31)—(33) are modified by replacing |c| with ¢. For example,

20— 2 s 0O (39)
(b—a)? +4c? (b—a)? +4c?

It then follows that

1/2
_ /(b — a)2 + 4¢2
sin 6 = sgn(c) (a bt V(b= o) +4c ) )

2y/(b—a)? +4c?
(40)

24/(b—a)? +4c?

The sign of ¢ determines the quadrant in which 6 lives. Moreover, for ¢ > 0,
the sign of b — a determines whether 0 < 6 < %ﬂ or %w <0< %7& The former
corresponds to a < b while the latter corresponds to a > b. Likewise, for ¢ < 0, the
sign of b — a determines whether —%w <0< —%77 or —%w < 6 < 0. The former

corresponds to a > b while the latter corresponds to a < b. The borderline cases

b v/ (b 2 4 4c2 Y2
cos@z( —at (—a)+c> .

¢Using cos(f + m) = —cos@ and sin(6 + ) = —sin6, it follows that shifting 6 — 6 + 7 simply
multiplies U by an overall factor of —1. In particular, U~ AU is unchanged. Hence, the convention
—%ﬂ' <0< %ﬂ' may be chosen without loss of generality.
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are likewise determined:
a=b and c¢c#0 = sin20 =sgn(c),
a#b and ¢=0 = cos20=sgn(b—a).

If a=0and ¢ =0, then A = alyyo, in which case U is arbitrary.

5. The Singular Value Decomposition of a Complex 2 X 2 Matrix
For any complex n x n matrix M, unitary n X n matrices L and R exist such that
L"MR = Mp = diag(m1, ma, ..., my), (41)

where the my are real and non-negative. This is called the singular value decom-
position of the matrix M. A proof of Eq. (41) is given in App. D of Ref. 2 (see also
Refs. 1 and 3). In general, the my, are not the eigenvalues of M. Rather, the my are
the singular values of the general complex matrix M, which are defined to be the
non-negative square roots of the eigenvalues of either MM or MM (both yield
the same results).

An equivalent definition of the singular values can be established as follows.
Since MTM is a non-negative Hermitian matrix, its eigenvalues are real and non-
negative and its eigenvectors, wy, defined by MTMw, = miwk, can be chosen
to be orthonormal.? Consider first the eigenvectors corresponding to the positive
eigenvalues of MTM. Then, we define the vectors v, such that Mwy = myvy. It
follows that miwk = MtMuw, = mkMTU,’;, which yields: MT’UZ = mpwy. Note that
these equations also imply that MM v} = m2v}. The orthonormality of the wy,
implies the orthonormality of the v} (and hence the vy):

Mot Mig) = MMy = 2Rt fory, (42
o M) = M) = TR ) (42)

djk = (wjlwy) =

which yields (v}|vy) = ;.

If w; is an eigenvector of MTM with zero eigenvalue, then 0 = wj MtMw; =
(Mw;|Mw;), which implies that Mw; = 0. Likewise, if v} is an eigenvector of M M
with zero eigenvalue, then 0 = v] MMtv} = (MTv;|MTv;)*, which implies that
MTv; = 0. Because the eigenvectors of MMT [MTM] can be chosen orthonormal,
the eigenvectors corresponding to the zero eigenvalues of M [M 7] can be taken to
be orthonormal.® Finally, these eigenvectors are also orthogonal to the eigenvectors
corresponding to the nonzero eigenvalues of MMt [MTM]. That is,

1 * 1 *
(wjlw;) = m*j<MTUj lw;) = Hj@]j |Mw;) =0, (43)

dWe define the inner product of two vectors to be (vjw) = viw.

eThe multiplicity of zero eigenvalues of MTM [MM?], which is equal to the number of linearly
independent eigenvectors of MTM [MMT] with zero eigenvalue, coincides with the number of
linearly independent eigenvectors of M [MT] with zero eigenvalue. Moreover, the number of linearly
independent w; coincides with the number of linearly independent v;.
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and similarly (vj|v;) = 0, where the index i [j] runs over the eigenvectors corre-
sponding to the zero [nonzero] eigenvalues. Thus, we can define the singular values
of a general complex matrix M to be the simultaneous solutions (with real non-
negative my,) of,

Muwy, = myv}, vpM = mkw}; . (44)

The corresponding vy, (wg), normalized to have unit norm, are called the left (right)
singular vectors of M.

The singular value decomposition of a general 2 x 2 complex matrix can be
performed fully analytically. The result is more involved than the standard diago-
nalization of a 2 x 2 Hermitian matrix by a unitary similarity transformation. Let
us consider the nondiagonal complex matrix,

a c¢
M=_ 45
(2 3). (45)
where at least one of the two quantities ¢ or ¢ is nonzero. The singular value
decomposition of the complex matrix M is

L"MR = <m1 0 ) : (46)

0 mo

where L and R are unitary 2 x 2 matrices and m1, mo are non-negative. Following
Ref. 6, one can parametrize the matrices L and R as follows:#

0 9L gin @ —ia
L=U,p=| F%  cshh <e _Om), (47)
—e "L ginf;, cosfp, 0 e
0 TOR o} 0 —ix
Re=vpp= (0 I (00N )
—e R sinfR cosfOp 0 e

where 0 < 0p r < %w, 0<a,f<mand0<¢r, pr < 27.

The singular values m; 2 of the matrix M can be determined by taking the
positive square root of the non-negative eigenvalues, mig, of the Hermitian matrix
MTM,

mi o = [laf® + b + [e]* + [c* F A, (49)

fOne can always find a solution to Eq. (44) such that the my, are real and non-negative. Given a
solution where my, is complex, we simply write my = |mk|ei0 and redefine v, — vie'? to remove
the phase 6.

gWithout loss of generality, we have employed the same diagonal phase matrix P in defining L
and R. Had we written L = U P, and R = UrPgr in Eqgs. (47) and (48) with diagonal phase
matrices Pr, gp = diag(e L. R, e_iBL=R), we would have discovered that only the sums ay, + agr
and Bf, + Br are fixed. Moreover, since Eq. (46) is unchanged under @« — oo+ or 8 — B+ 7, one
can fix the range of a and S as specified below Eq. (48).
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in a convention where 0 < mj; < my (i.e. A > 0), with

A= [(|a|2 . |b|2 - \c|2 + |E\2)2 +4|a*c+ bé*|2]1/2
= [(la? + b + |e]? + [¢]?)* — 4]ab — c&2] /> (50)
It follows that
mi+m3 = la]® + [0 + || +|e*, A =m3—m?. (51)
Moreover, by taking the determinant of Eq. (46), it follows that
mymg = (ab — cé)e 2@ +A) (52)
Note that m; = my if and only if |a| = |b], |¢| = |¢| and a*c + bé* = 0 are satisfied.

We first assume that my # mo. Using the results of Sec. 3 enables us to compute
the rotation angles, 01, g, and the phases, e'*Z.® by diagonalizing MM and M*MT
with a diagonalizing matrix R and L, respectively. Explicitly, we have

2 ~2 * ~%
MM = lal® 4+ |c|~ a*c+ b ’ (53)
ac* +b*¢  |b]* + |c|?

and M*MT is obtained from MTM by interchanging ¢ and ¢é. Applying Eqs. (28)
and (34) to the diagonalization of MTM and M*MT then yields,

¢A+MP—MPiWP¢EP
cosbOp, =

2A ’
(54)
vt = [ P E T
R,L — 2A )
and
idn _ a*c + be* idr _ a*¢ + be* 55
la*c + be*|’ la*¢ + be*| (55)

For completeness, we note that the denominators in Eq. (55) can be written in an-
other form by employing the following results [which are a consequence of Eq. (50)],

1
@e+ "] = 5 VAT = (WP = JaP + [ — PP (56)

1
!a*5+bc*| = 5\/A27(|b\2 —lal?2 —|c|? + |¢]2)2. (57)
The final step of the computation is to determine the angles « and 3. To perform
this task, we first rewrite Eq. (46) as,

(58)

27
MUR =U; (mle 0 )

0 moe2iP

where we have made use of Eqgs. (47) and (48). Setting the diagonal elements of
the left-hand side and the right-hand side of Eq. (58) equal, we end up with the
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following two equations:
my cos0e?™™ = acosfr — ce R sinbp, (59)
Mo cos0r,e? = beosOp + ¢’ sin O . (60)

Next, we multiply both Egs. (59) and (60) by A cosfr. Employing Egs. (54)—(55)
on the right-hand sides of the two resulting equations then yields,

; 1
Amy cos B, cos Ore®™™ = fa(A + 6% = |a|* + |¢|* — [¢]?)

ac* + b*¢) 2
A2 — b2— 2 2 — g2 61
— e/ AT = (2 = a2 e = )7, (61

Amy cos 01 cos Ore?P = fb(A + [b]* = |a|® + |e|* — [¢?)

éla*e+ bé*) 2
A2 — b2— 2 2 |¢|2)”. 62
S8 = (bl — a4 e o). (62

We can simplify Egs. (61) and (62) further by making use of Eq. (56). The end

result is,

. 1
Amy cos 0, cos Ope?™ = §a(A +|b* = |a|® — |e[* — |&[*) — b*ce, (63)

; 1
Amy cos 0, cos Ore?? = §b(A +10]* — |af® + [e[* + |¢]*) + a*cé. (64)

Using Eq. (49), it is convenient to eliminate A in favor of m? and m3 on the right-
hand side of Eqs. (63) and (64). It then immediately follows that,

a= %arg{a(|b|2 —mj) — b*cc}, (65)

B = %arg{b(mg — |a?) +a*cé}. (66)

A useful identity can now be derived that exhibits a simple relation between the
angles 67, and 0. First, we make use Eq. (54) to obtain,
S e L R U1 & 1
|a*é + be*| |a* c+bc|
A ’ A
Next, we note two different trigonometric identities for the tangent function to
obtain,

cos 201, (67)

sin 26y, = sin20p = (68)

tanfr — 1—cos20,  m3—mi—I[b|*+|a|® + |c[* — |¢]?
LT sin20, 2|a*¢ + be¥|

— |a/|2 + |C|2 — m% (69)
|a*é + bex| 7
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tanfr — sin20p 2|a*c + be*|
B T cos20r  m2—m2 + b2 — |af? + |2 — |2
|a*e + bé*|
=71 70
w3~ — 1P "
where we have made use of Egs. (51), (67) and (68). It then follows that
tanfy _ (Jaf? + el — m?) (m3 — Jal? ~|¢l?) -

tanfp |(a*é+bc*)(a*c+bé*)

The numerator of Eq. (71) can be simplified with a little help from Egs. (51) and
(52) as follows:

(laf* + le[* = m3) (m3 — |a]* — [¢[?)
= lal*(m} +m3) + |c[*m3 — [e*m? — mim3 — (|la]* + |c|?) (lal* +[¢]*)
= lal*(Jal? +[bf* + |e[* + [¢]*) + |e|*m3 + [¢[*m]
—lab—cel” = (|al* +|e]*) (Jal* + *)
= |c|2m§ + |E|2m% + (ab — co)c" e + (a*b* — c*é*)cé
= (cm2e_i(a+5) + 6*mlei(°‘+ﬁ)) (c*mgei(oH'@ + 6m16_i(°‘+5)) . (72)
Likewise, the denominator of Eq. (71) can be simplified as follows:
|(a*¢ 4+ bc*)(a*c + bé")]
= |(aé* + b*c)(a*c+ b&*)| = |cé*(|a|* + |b]?) + abé*? + a*b*c?|
= |c*(lal® + [b]* + |c|* + [¢]*) + (ab — c&)c** + (a*b* — ¢*¢")c?|
= |c€* (mf + m%) + mima (C*QeZi(aJrﬁ) + 02672i(°‘+ﬁ))’
= |(cmgeﬂ'(a+ﬁ) + 6*m16i(0‘+5)) (E*mgei(aﬂg) + cm167i(a+ﬁ))| . (73)
Hence, we end up with a remarkably simple result,

tan 6y,

tanfp

c*moe@th) 4 amye—ilath) ‘ . (74)

c*ma eilatB) cmle—i(a‘f‘ﬁ)

If my # 0, then one can employ Eq. (52) to obtain an alternate form for Eq. (74),

tan @y, c*(ab — cc) + em?
== — 5| (75)
tanfp ¢ (ab — c¢) + emj3
The case of m; = 0 is noteworthy. This special case arises when det M =

ab — c¢ = 0, which implies that there is one singular value that is equal to zero. In
particular, it then follows that A = |a|? + |b]? + |¢|* + |¢|? [cf. Eq. (50)] and

m3 = Tr(MTM) = |af® + [b* + | + &% . (76)
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Equations (69), (70) and (76) then yield,"

; (77)

SYES)

tan @y =

o0

a
, tanfgp = “ =
c

SO

after using c¢ = ab, and

. :arg@ - arg(j), - :arg<2> - arg(’;), §=Sargh. (78)

As expected the angle « is undefined when m; = 0 [cf. Egs. (63) and (65)].

Finally, we treat the case of degenerate nonzero singular values, i.e. m = m; =
mg # 0. As previously noted below Eq. (50), degenerate singular values exist if and
only if

la| = |b], |c|=1|¢|] and a*c= —bé". (79)
Note that Eq. (79) also implies that a*¢ = —bc*. It then follows from Eq. (53) that
MM =m?lyy,, (80)

where the degenerate singular value is

m=+/|a]? + |¢|?. (81)

Hence, the diagonalization equation, R™'MTMR = m?15y9, is satisfied for any
unitary matrix R. However, this does not necessarily mean that an arbitrary unitary
matrix R is a solution to Eq. (46). In the analysis given below, we shall see that in
the case of degenerate singular values, o+ 3 is fixed by the matrix M, whereas the
remaining parameters that define the matrix R exhibited in Eq. (48) can be taken
as arbitrary.

Given the unitary matrix R, one can use Eq. (46) to determine the matrix
elements of the unitary matrix L. Using Eqs. (47) and (48), it follows that

Ul =m (em 0 ) Ulm! (82)
L 0 eQ'Lﬂ R '

In light of Egs. (79) and (81),

ch

det M =ab—cé = —— (83)
Evaluating the left- and right-hand sides of Eq. (82) yields,
cosb = _ L pria (b cos O + ¢e'R sin 03)
me
— L s (acosfr — ce "% sinOr), (84)
me

bIf either ¢ = 0 or & = 0 then ab = 0, in which case one should discard any fractions appearing in
Eqgs. (77) and (78) that are of indeterminate form.
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, Fin o
'L sin g, = — 28 (c cos O — be 'R gin HR)
me

= ——*6_2“‘ (c* cosfg + a*e "R sin HR) ) (85)
me

We can rewrite the first part of Eq. (84) as follows:

i (0, P i
mcosf = —e —b"cosbr + ——e """ sinfr
c c
= g2 (a cosfp — ce "R sin GR) , (86)

after complex conjugating and making use of Eq. (79). A similar manipulation
(without the complex conjugation) can be performed on the last term of Eq. (85).
The end result is

—2ix (

mcosfr =e acosfp — ce PR sin&R)

= —c—emﬂ (a cosfp — ce 'R sin GR) ) (87)
c

Sk

. c . .
me'PL sin;, = — %8 (é cos O — be "R sin 93)
c

“2 (EcosOp — be "R sinbR) . (88)

Since both Eqs. (87) and (88) cannot simultaneously vanish, it follows that

= —€

e2iloth) — _ 2 (89)
¢

We conclude that if Og, ¢r and a— g are taken to be arbitrary parameters, then 6,
and ¢y, are fixed by Egs. (87) and (88) and « + f is fixed by Eq. (89). In App. A,
we show how to employ Egs. (87) and (88) to construct explicit examples of the
singular decomposition of a 2 x 2 complex matrix M that possesses degenerate

singular values.
For a simple example of the degenerate case, consider the singular value decom-

position of the matrix,
0 1
=0 1) -

Setting a =b=0and ¢ =¢é=m =1 in Egs. (87)—(89), it then follows that
cosf, = PR ginfp,  sinfp = /PP cosfp, e Y = —%F . (91)

Hence, we conclude that ¢;, = ¢r = ¢, 0, = %ﬂ' —0gr, B = %¢ and o = —%(qbiﬂ').
Plugging these values into Egs. (47) and (48), we obtain

I +ie?/2sinfp /2 cosfp
 \Fie 1/ 2cos0p e /2sinbg )’

B +ie'?/2coslr  €?/2sinfp
Fie /2sinfp e "%/2cosOp |
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One can check that LT MR = 15y5. Thus, we have found a family of singular value
decompositions of M that depend on two parameters g and ¢. This does not
exhaust all possible singular value decompositions of M, since one is always free
to multiply R on the right by @ diag(e™"X',e~"x2) and multiply L on the right
by Qdiag(eim,ei’@), where @) is an arbitrary real orthogonal 2 x 2 matrix and
0<x; <2m.

We shall now exhibit two different singular value decompositions of M. First,
if we choose the lower signs in Eq. (92), with g = ¢ = %7‘(, Q = 1yyo and
X1 = X2 = 3, then it follows that

0 1
L= 130, R<1o>' (93)

Second, choosing the upper signs in Eq. (92) with 0 = iw, ¢ =x1=x2=0and
Q = ]lgxg yields,

r-r-—- (0] (99)

A singular value decomposition with L = R corresponds to an Autonne—Takagi
factorization of a complex symmetric matrix M. This is the subject of Sec. 7.

6. The Singular Value Decomposition of a Real 2 X 2 Matrix over
the Space of Real Matrices

For any real n x n matrix M, real orthogonal n x n matrices L and R exist such
that

L"MR = Mp = diag(my,ma,...,m,), (95)

where the my, are real and non-negative. This corresponds to the real singular value
decomposition of M, which is restricted to the space of real matrices. A separate
treatment independent of the one presented in Sec. 5 is warranted. As in the complex
case treated in Sec. 5, the my, are not the eigenvalues of M. Rather, the my are
the singular values of a real matrix M, which are defined to be the non-negative
square roots of the eigenvalues of either MTM or MMT' (both yield the same
results).

An equivalent definition of the singular values can be established as follows.
Since MTM is a non-negative real symmetric matrix, its eigenvalues are real and
non-negative and its eigenvectors, wy, defined by MTMw;, = miwk, can be chosen
to be real and orthonormal. First, consider the eigenvectors of M T M corresponding
to the positive eigenvalues, my # 0. We then define the vectors vy, such that Mwy =
myv. It follows that miwk = MTMuw;, = m M "v,, which yields Mo, = mpwy.
Note that these equations also imply that MM Tv;, = mivk. The orthonormality of
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the wy implies the orthonormality of the vy,

djk = (wjlwg) = e (MTo;| M oy,
J

o MM T = T ). (96)
which yields (v;|vg) = 6jx.

Second, if w; is an eigenvector of MTM with zero eigenvalue m; = 0, then it
follows that 0 = w; M T Mw; = (Mw;|Mw;), which implies that Mw; = 0. Like-
wise, if v; is an eigenvector of MM T with zero eigenvalue, then 0 = v] MM Tv; =
(MTv;|MTv;), which implies that M Tv; = 0. Because the eigenvectors of MMT
[MTM] can be chosen orthonormal, the eigenvectors corresponding to the zero
eigenvalues of M [M "] can be taken to be orthonormal. Finally, these eigenvectors

are also orthogonal to the eigenvectors corresponding to the nonzero eigenvalues of
MMT [MTM]. That is,

1, 1
(wj|wi) = m*j<M vj|wi) = E<”j|Mwi> =0, (97)
and similarly (v;|v;) = 0, where the index i [j] runs over the eigenvectors corre-
sponding to the zero [nonzero] eigenvalues. Thus, we can define the singular values
of a real matrix M to be the simultaneous solutions (with real non-negative my,) of,!

Muw, = myvy, ng = mkw; ) (98)

The corresponding vy, (wg), normalized to have unit norm, are called the left (right)
singular vectors of M.

The real singular value decomposition of a general 2 x 2 real matrix can be
performed fully analytically. Let us consider the nondiagonal real matrix,

M= (‘Cf g) , (99)

where at least one of the two quantities ¢ or ¢ is nonzero. The real singular value
decomposition of the real matrix M is

T [T 0
LTMR = < 0 mg), (100)

where L and R are real 2 x 2 orthogonal matrices and my, msy are non-negative. In
general, one can parametrize L and R in Eq. (100) by

_ cosf; sinfp 1 0 _ cosflp sinfg 1 0
L_(—sinﬁL C089L> (O 5L>’ R_(—sinﬂR cosﬁp) (O ER)’ (101)

iOne can always find a solution to Eq. (44) such that the my are real and non-negative. Given a
solution where my, is complex, we simply write my = |mk|ew and redefine vy — vie'® to remove
the phase 6.
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where —%77 < Orr < %ﬂ', and €5, r = £1. Note that det L = e, and det R =
€Rr, which implies that epegrdet M = myms. Since my, mo > 0, it follows that
sgn(det M) = epeg. Thus, only the product of €7, and ep is fixed by Eq. (100).

The parametrization of L and R given in Eq. (101) is related to that of Egs. (47)
and (48) as follows. When M is a real matrix, the quantities e*Z = sgn(aé + bc)
and e = sgn(ac + b¢). Hence, we can set ¢, = ¢r = 0 and redefine 6, —
01 sgn(aé + bc) and g — Orsgn(ac + bé), thereby extending the range of these
angular variables to —%ﬂ' <Or.r < %ﬂ' as indicated above. Finally, it is convenient
to replace the phase matrix P in Egs. (47) and (48) with diag(1,er) and diag(1,er),
respectively, so that the matrices L and R are real orthogonal matrices (rather than
the more general unitary matrices).

The singular values m s of the matrix M can be determined by taking the
positive square root of the non-negative eigenvalues, miQ, of the real orthogonal
matrix MTM,

1
mi, = 5 [@®> +0*+ S+ F4A], (102)

in a convention where 0 < m; < mqy (i.e. A > 0), with

A=[(a®>-b0>—c"+ 62)2 + 4(ac + be)?] 1/2
= [(a>+ 0%+ + &) — 4(ab—cd)?]"*. (103)
Note that
mi+ms=a*+b>+c*+&, mimg=eper(ab— cé). (104)

Moreover, m; = ms if and only if @ = b and ¢ = F¢ (where the signs are correlated
as indicated), which imply that ac + b¢ = 0 and A = 0.

We first assume that m; # ms. Then, if we rewrite Eq. (100) in the form
MR = LMp, where Mp = diag(my,ms), then we immediately obtain,

mycosfy, =acoslr —csinfr, erepmasinf; = asinfr + ccosfpr, (105)
mysinfy, = bsinfg — ¢cosOr, ercrmacosfy = ¢sinfp + bcoslp. (106)
It follows that
m3cos? 0 +misin® 0 = a® +c*, misin®0p +m3cos? Oy = b+, (107)
Subtracting these two equations, and employing Eq. (103) yields,

B2 —a? -2+ & 90 b2 —a? 42—
cos =
A ’ R A

In obtaining cos 20g, it is sufficient to note that Eqs. (105)—(107) are valid under
the interchange of ¢ ++ & and the interchange of the subscripts L « R.J

cos20y, = (108)

iOne can verify this by rewriting Eq. (100) in the form LTM = Mp R, which yields equations of
the form given by Eqgs. (105) and (106) with ¢ ++ ¢ and the interchange of the subscripts L + R.
Note that A and hence miQ are unaffected by these interchanges.
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We can also use Eqgs. (105) and (106) to obtain,

m? cos O sinfy, = (acosfp — csinfg)(bsinfr — écosOg), (109)
m3cos O sinfy, = (asinfg + ccosfr)(ésin O + bcosOg) . (110)

Subtracting these two equations yields

2(aé + be)

2 bé
sin 20y, = A sin 20 = M

A )
after again noting the symmetry under ¢ — ¢ and the interchange of the subscripts
L+ R.

Thus, employing Egs. (108) and (111), we have succeeded in uniquely determin-
ing the angles 01, and 0 (where —17 < 07 r < 17). As noted below Eq. (101), the
individual signs ¢, and e are not separately fixed (implying that one is free to set
one of these two signs to +1); only the product e eg = sgn(det M) is determined
by the singular value decomposition of M.

A useful identity can now be derived that exhibits a simple relation between
the angles 6, and 6. First, we note two different trigonometric identities for the
tangent function,

(111)

1—cos20, m3—m3—-b>+a’+c*—-2 a®>+c2-md

tanf; = = = 112
L sin 20, 2(aé + be) ac+be (112)
sin 20 2(ac + be) ac + bé
tanfp = - - . (113
IR = 1 cos 205 mi—m2+b2—a?+c2—- mi—a?-22 (113)
where we have made use of Egs. (104), (108) and (111). It then follows that
tanf;  (a® 4+ —m3)(m3 —a® — &) (114)

tanfr (aé + be)(ac + bé)

The numerator of Eq. (114) can be simplified with a little help from Eq. (104) as
follows:

(a2 +c?— m%) (mg —a?® - 52)
=a? (m% + m%) + c2mg — 62m% — (a2 + 02) (a2 + 52) — m%mg
=a? (a2 +b?+ 2+ 52) — (a2 + 02) (a2 + 62) +c*m3 + &Emi — (ab — 65)2
= c*m3 + &#m? + 2(ab — cé)cé = (emy + epepémy)? . (115)
Likewise, the denominator of Eq. (114) can be simplified as follows:
(aé + be)(ac + bé) = (ab — &) (* + &) + cé(a® + b* + 2 + &)
= ELERMIMS (02 + 62) + cé(m% + m%)

= (emg + ereptmy)(éma + ereremy) . (116)
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Hence, we end up with a remarkably simple result,

tanf;  cmo +ererCmy (117)
tanfp  émo +cepepemy

The case of m; = 0 is noteworthy. This special case arises when det M =
ab — ¢¢ = 0, in which case there is one singular value that is equal to zero. If ¢ # 0
then inserting ¢ = ab/¢ into Eq. (103) yields A = (a® + ¢2)(b? + ¢?)/é%. It then
follows that,k

a c
tanfr, = % tanfp = 5 (118)
In particular, after using ab = cé, Eq. (118) yields
tan 6, c
== f =0. 119
tanfg ¢ or (119)

This is indeed the correct limit of Eq. (117) when m; = 0, as expected. In this case,
the signs €7, and eg are arbitrary, and one can choose €7, = eg = 1 without loss of
generality.

The case of m = m; = mo # 0 must be treated separately. In this case, a = +b
and ¢ = F¢, which yields m = (a?+¢?)'/2. Since Eq. (100) implies that MR = mL,
one can take R to be an arbitrary 2 x 2 real orthogonal matrix. Using Eq. (101),
the matrix L is now determined,

acosfr —csinfr ccosfpr + asinfg
Va? + c2 Va2 4 ¢?

subject to e eg = %1, which determines the sign factor appearing in the expression

cosfr, = , sinfp = :I:( ) , (120)

for sin fy,.

Applying the above results to M = ((1) é), we have a = b =0,¢c =¢ =1,
m = 1 and eeg = —1. Using Eq. (120), it follows that cosf; = —sinfr and
sinf;, = — cos . The corresponding singular value decomposition is given by

—sinfg cosfr 0 1 cosfr egsinfr) (1 0 (121)
ercosfp ersinfg 1 0 —sinfg epcosfp)  \O 1)’
which is valid for an arbitrary choice of §r and an arbitrary choice of sign egp =

—er, = £1. Equation (121) provides yet another possible form for the singular value

decomposition of M = (2 (1)), to be compared with the result of Eq. (92).

KOne can repeat this calculation by dividing the equation ab — ¢é = 0 by a different nonzero
parameter. For example, if ¢ # 0 then using & = ab/c in Eq. (103) yields A = (a2 +c2)(b% +c?)/c?,
in which case it follows that tanf;, = ¢/b and tanfr = a/c, and we again recover Eq. (119).
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7. The Autonne—Takagi Factorization of a Complex 2 X 2
Symmetric Matrix

For any complex symmetric n X n matrix M, there exists a unitary n x n matrix
U such that,!

UTMU = Mp = diag(my,ma,...,m,), (122)

where the my are real and non-negative. This is the Autonne-Takagi factorization
of the complex symmetric matrix M,*® although this nomenclature is sometimes
shortened to Takagi factorization. Henceforth, we shall refer to Eq. (122) as the
Takagi diagonalization of a complex symmetric matrix to contrast this with the
diagonalization of normal matrices by a unitary similarity transformation treated
in Secs. 2—4. A proof of Eq. (122) is given in App. D of Ref. 2 (see also Ref. 1).

In general, the my, are not the eigenvalues of M. Rather, the my, are the singular
values of the complex symmetric matrix M. From Eq. (122) it follows that

U'MTMU = M}, = diag(m3,m3,...,m2). (123)

If all of the singular values my are nondegenerate, then one can find a solution
to Eq. (122) for U from Eq. (123). This is no longer true if some of the singular

values are degenerate. For example, if M = (7(:1 Tg

doubly-degenerate, but Eq. (123) yields UtU = 1,49, which does not specify U.
That is, in the degenerate case, the Takagi diagonalization cannot be determined
by the diagonalization of MTM. Instead, one must make direct use of Eq. (122).

Equation (122) can be rewritten as MU = U*Mp, where the columns of U are
orthonormal. If we denote the kth column of U by vy, then,

), then the singular value |m| is

Muy = myvy, (124)

where the my, are the singular values and the vectors vy are normalized to have unit
norm. Following Refs. 7 and 8, the vy are called the Takagi vectors of the complex
symmetric n X n matrix M.

For a real symmetric matrix M, the Takagi diagonalization [Eq. (122)] still holds
for a unitary matrix U, which is easily determined as follows. Any real symmetric
matrix M can be diagonalized by a real orthogonal matrix 7,

Z'MZ = diag(e1mq,e9ma, ..., exmy), (125)

IIn this section, M can be either a real or complex symmetric matrix. In the case of a real symmet-
ric matrix M, there exists a real orthogonal matrix @ such that QTMQ = diag(mi,ma,...,ma),
where the m; are the eigenvalues of M. The eigenvalues m; must be real, but in general they
can be either positive, negative or zero. Only in the case of a non-negative definite real sym-
metric matrix M, where the eigenvalues m; are non-negative, does the decomposition QT MQ =
diag(m1,ma,...,m2) constitute a Takagi diagonalization of M in the space of real n X n matrices.
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where the my, are real and non-negative and the e;my are the real eigenvalues of
M with corresponding signs ¢, = +1. Then, the Takagi diagonalization of M is
achieved by taking U;; = 63/2Z,‘j (no sum over 7).™

The Takagi diagonalization of a 2 x 2 complex symmetric matrix can be per-
formed analytically. Consider the nondiagonal complex symmetric matrix,

M= (Z Z) : (126)

where ¢ # 0. Following Ref. 6, one can parametrize the unitary 2 x 2 matrix U in
Eq. (122) as follows:

P o3 —ix
U—VP— CQSH e'®sin 6 e 0' 7 (127)
—e ®gind cos 0 e~

where 0 < 0 < %77 and 0 < «, 8, ¢ < 27. However, we may restrict the angular
parameter space further. The Takagi diagonalization equation is

0
UTMU =D = ("™ 128
(s o). (125)

where the singular values, m; and msy are non-negative. One can derive expressions
for the angles 0, ¢, a and 8 by setting c = ¢, 0, = 0r = 0 and ¢, = ¢r = ¢ in all
results obtained in Sec. 5. However, for pedagogical purposes, a separate derivation
of the Takagi diagonalization will be presented in this section. Using Eq. (127), one
can rewrite Eq. (128) as follows:

VIMV = P*DP*. (129)

However, P*DP* is unchanged under the separate transformations, « — a4+ 7 and
8 — B+ . Hence, without loss of generality, one may restrict « and § to the range
0<a, g<m.

Using Eq. (127), we can rewrite Eq. (129) as follows:

sk [ O1 0
MV =V (O 02), (130)

where
2t

o1 =me and o9 = mae?? | (131)

with real and non-negative m; and ms. The singular values of M can be derived
by taking the non-negative square roots of the eigenvalues of MM,

1 _
miQ =|o12)? = 3 Ua|2 +[b]> +2|c|* F A] ; (132)

™In the case of my = 0, we conventionally choose the corresponding £, = +1.
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in a convention where 0 < m; < my (i.e. A > 0), with

A= [(laf = o%)* + 4a*c +be ]

1/2

= [(Jal? + [b]> + 2|c|?)® — 4]ab — ¢|?] (133)

To evaluate the angles ¢ and 6 (which determine the matrix V'), we multiply
out the matrices in Eq. (130). The end result is,

o1 =a—ce tanf = be ?? — ce " coth, (134)
o9 = b+ ce' tan @ = ae?? 4 ce' cot 6. (135)

We first assume that mq # me, corresponding to the case of nondegenerate sin-
gular values of M. Using either Eq. (134) or (135), and making use of the trigono-
metric identity,

tan 20 = 2(cot § — tan )", (136)
one obtains a simple equation for tan 26,
2c
Since tan 26 is real, it follows that
Im(bc*e_i‘z> —ac*e’®) = 0. (138)

One can then use Eq. (138) to obtain an expression for e%?,
9ip _ @ C+bc”
e = —— | 139
ac* + b*c (139)
or equivalently,
it e(a*c+ bc*)

== h ==1. 140
oot bo] where € (140)

The choice of sign in Eq. (140) is determined by our convention that m; < mq
(in the nondegenerate case) or equivalently, |o1|? < |o2|?. Thus, to determine &, we
make use of Egs. (134) and (135) to obtain two different expressions for |o3|? — |07 |?,

|02]? — |o1[*> = |b]* — |af® + [(ac* + b"c)e’® + (a*c+ bc*)e "] tand
= la]® = |b]* + [(ac* + b*c)e’® + (a*c + be*)e "] cot§. (141)
Using Eq. (140) to eliminate ¢, it follows that
loo|? — |o1]? = |b]* — |a|® + 2¢|a*c + bc*| tan 6
= |a* — [b|* + 2¢|a*c + be*| cot 6. (142)
Adding the two expressions given in Eq. (142) for |o2|? — |o1|?, we end up with
|oa|? — |o1|? = €|a*c + be*|(tan 6 + cot ) . (143)
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Since |02]? > |o1|? and 0 < 6 < i, it follows that e = 1. Moreover, Eq. (143)
implies that in the case of nondegenerate singular values, a*c+ bc* # 0. This latter
condition ensures that none of the denominators in Eqgs. (137), (139) and (140)
vanish.

We can now obtain an explicit form for tan26 by either subtracting the two
expressions given in Eq. (142) for |o2|? —|oy|? or by inserting the result for e!* back
into Eq. (137). Taking into account that € = 1, both methods yield the same final
result,

2|la*c + bc*|
tan2 = ————— 144
T )
Using Egs. (136) and (144), it follows that
jal® — b]* + A b* —la® + A
tanf = ——————— t = ———— 145
an 2la*c+ber| 0 2|a*c + be| (145)

If we now insert the results of Eq. (145) into Eq. (143) with € = 1, it then follows
that,

oo — | = A. (146)

One can quickly compute |o1|? + |02|? by noting that,
1] + |o2* = mi +m3 = Te(MTM) = [a? + [b]> +2|c|?. (147)
Adding and subtracting Eqs. (146) and (147) reproduces the expressions of m$ 5 =

|o1.2|? obtained in Eq. (132).
It is sometimes more convenient to rewrite Eq. (145) in another form,
A+ al? — b2
tan = 21l =0 (148)
A —laf? +[b?
If we now make use of the trigonometric identity, cos 20 = (1 —tan? ) /(1+tan?#6),
we end up with a rather simple expression,

bl — |af®

cos 20 = (149)

One can now use this result to derive,

A — |al2 2 A 2 _ |pl2
cosf = M, sinf = M. (150)
2A 2A

The final step of the computation is the determination of the angles a and
B from Eq. (131). Employing Eq. (145) together with Eq. (140) with ¢ = 1 and
Eq. (132), one can establish the following useful results,

ac* + b*c . a*c + be*
+ €' tanh = +

s . 151
o2+ [ — [on]? oo —aff —Jep - (Y

e " tanf =
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Inserting Eq. (151) into Eqs. (134) and (135) yields,
a(|b]* — |ow|*) — b*c?

_ 2l —ip _
o1 =me =a—ce " tanf = BEE | = (152)
. , b(lo2|? — |al?) + a*c?
— 2i8 _ 2 _
o9 = moe“” =b+ ce'?tan = 02 o o (153)
Hence, it immediately follows that
1
a=g arg{a(|b]* —m}) — b*c?}, (154)
1 *
8= 3 arg{b(m3 — [a|?) +a*c*}. (155)

The case of m; = 0 is noteworthy. This special case arises when det M =
ab — ¢ = 0, in which case there is one singular value that is equal to zero. In
particular, it then follows that A = (|a|+b|)? [cf. Eq. (133)] and m3 = Tr(MTM) =
la]? + |b]? 4 2|c|?. Inserting ¢ = ab in the latter expression yields my = |a| + |b]. In

addition,
1/2
b 1
tang = |2 , qﬁarg()arg(c), 6:§argb. (156)
c a

b
However, « is undefined, since the argument of Eq. (154) vanishes. This corresponds
to the fact that for a zero singular value, the corresponding (normalized) Takagi
vector is only unique up to an overall arbitrary phase.” One can now check that
all the results obtained above agree with the corresponding results of Sec. 5 after
making the substitutions, ¢ = ¢, 0, r = 0 and ¢ r = ¢, as previously noted.

We provide one illuminating example of the above results. Consider the complex

M= C _i) (157)

The eigenvalues of M are degenerate and equal to zero. However, there is only one
linearly independent eigenvector, which is proportional to (1,4). Thus, M cannot
be diagonalized by a similarity transformation. In contrast, all complex symmetric
matrices are Takagi-diagonalizable. The singular values of M are 0 and 2 (since
these are the non-negative square roots of the eigenvalues of M M), which are not
degenerate. Thus, all the formulae derived above apply in this case. One quickly
determines that 6 = iw, ¢ = %w, 8 = %7‘( and « is indeterminate. The resulting
Takagi diagonalization is UT MU = diag(0, 2) with:

50D R )

"The normalized Takagi vectors are unique up to an overall sign if the corresponding singular
values are nondegenerate and nonzero. However, in the case of a zero singular value or a pair of
degenerate of singular values, there is more freedom in defining the Takagi vectors. For further
details, see App. D of Ref. 2.

symmetric matrix,
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Thus, U is unique up to an overall factor of —1 and an arbitrary phase a. The
latter is a consequence of the presence of a zero singular value. This example illus-
trates the distinction between the (absolute values of the) eigenvalues of M and its
singular values. It also exhibits the fact that one cannot always perform a Takagi
diagonalization by computing the eigenvalues and eigenvectors of MTM.

Finally, we treat the case of degenerate nonzero singular values, i.e. m = m; =
ma # 0. As indicated below Eq. (126), we shall continue to assume that ¢ # 0. In
light of Eq. (143), the degenerate case arises when

a*c+bc* =0. (159)
If Eq. (159) is satisfied, then it follows from Eq. (132) that

m=my =mg = +/|b]* +|c|?. (160)

Moreover, ¢ and # are indeterminate in light of Egs. (139) and (144). Nevertheless,
these two indeterminate angles are related if a, b # 0. Using Egs. (134), (135) and

(159), it follows that
b b\ 17
tan26 = |Re s + Im S )sel (161)

where ¢y, = cos¢ and s4 = sin¢. In contrast to Eq. (138), the reality of tan 26
imposes no constraint on ¢ in the case of degenerate singular values. Consequently,
the angle ¢ is indeed indeterminate.® Since ¢ is indeterminate, Eq. (161) implies
that @ is indeterminate as well, except in the special case of a = b = 0. In this latter
case, Eq. (159) is satisfied and the singular values of M are degenerate. However,
Eq. (161) does not relate 6 to the indeterminate angle ¢. Indeed, Eq. (134) yields
¢ = L, which is also consistent with the b — 0 limit of Eq. (161).

In the case of degenerate singular values, Egs. (154) and (155) are no longer
valid, as their derivation relies on the results of Eqs. (140) and (145), which are
indeterminate expressions when a*c + bc* = 0. Hence, we need another technique
to determine the angles @ and 8. Employing Eqgs. (134), (135) and (159) we can
derive the following results after some manipulations,

o1 =me*™ = —ce "[(1+ A%V? 4 iB], (162)
oy = me?P = ce'[(1+ A%)V?2 —iB], (163)

where m = (b2 + |c[?)'/? and

b b b b
A= - Im|( - B= - —Im| - . 164
Re(c>c¢+ m(c)s¢, Re(c)s¢ m<c>c¢ (164)

°The same conclusion also follows from Eq. (128). If D=m12x2 then (UO)TM(UO)=0TDO=D
for any real orthogonal matrix O. In particular, ¢ simply represents the freedom to choose O
[cf. Eq. (167)].
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Thus, the angles « and § are separately determined by Egs. (162) and (163) in
terms of the indeterminate angle ¢. Nevertheless, the sum a + ( is independent
of ¢. This is most easily seen by employing Egs. (162) and (163) to obtain,

col +cfoa =0. (165)
Hence, it follows that
e2ila+h) — 7c£*' (166)

Thus, the matrix U in Eq. (128) is now fixed in terms of the quantity « + S and
the indeterminate angle ¢.

We illustrate the above results with the example of M = ((1J é).f’ In this case
MTM = 1449, so U cannot be deduced by diagonalizing MTM. Setting a = b = 0

and ¢ = 1 in the above formulae, it follows that m =1, § = iw, o1 = —e " and
0y = €', which yields a = —%(d) +7)and 8= %gb. Thus, Eq. (127) yields,

po L1 et (Fie2 0
V2 \—eT 1 0 e~i/2

1 +iei¢/2 ei®/2
=5 TFie it/ g—id/2

V2

_ L [ i 1Y [£cos(¢/2) sin(¢/2)
V2 (—i 1) (:Fsin(qs/z) cos(¢/2)>’ (167)

which shows that in the case of degenerate singular values, U is unique only up to

multiplication on the right by an arbitrary orthogonal matrix.
For completeness, it is instructive to examine the special case of the Takagi

diagonalization of a nondiagonal real symmetric matrix M = (Z Z), where ¢ # 0.

In this case, the singular values, m; and my are the non-negative square roots of
1 ~
mi, = 5 [a® +b* +2¢* FA], (168)
where

A=|a+b| [(a —b)% +4c?] 12 _ [(a® +b* +2¢%)? — 4(ab — c*)?] ek

(169)
in a convention where 0 < m; < mo. Assuming that m; # ms, the latter implies
that one must take ¢ = 1 in Eq. (140), which yields

b= {O if sgn(c(a + b)) = +1,

170
7w if sgn(c(a+ b)) = —1. (170)

PThis example is of particular interest to physicists, since the matrix mM (for a positive number m)
corresponds to the mass matrix of a Dirac fermion of mass m that arises when expressed in a basis
of two-component spinors. The Takagi diagonalization of mM demonstrates that a Dirac fermion
of mass m is physically equivalent to two mass-degenerate Majorana fermions of mass m. Further
details can be found in Ref. 2.
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It is therefore convenient to redefine # — 6 sgn(c(a+ b)), in which case —37 < 6 <
7. Then, the Takagi diagonalization of M is given by Eq. (128), where

cosf sinf\ et 0
U= (sin0 c0s0> ( 0 eiﬁ)’ (171)

and the redefined angle 6 is given by,
tanf = ————. (172)

It then follows that

A — g2 2 A 2 _p2
cosf = ;T—Fb, sin § = sgn(c(a + b)) “ —l—a b (173)

Finally, one can obtain compact expressions for the angles « and g using Eqs. (154)
and (155),

1

0 if sgn(bdet M —am?) =
o=
;7 if sgn(bdet M — am?
(
(

(174)

if sgn(bms —adet M :—|—1,
B= |
2™

2
2
if sgn(bm3 — adet M

In the special case of m; = 0, we have ab = ¢® # 0, in which case the angle « is
indeterminate and 8 = 0 [$| for b > 0 [b < 0]. Henceforth, we shall assume that
mq > 0.

Considering that det M = ab — ¢* = &myma, where € = sgn(ab — ¢?), it then
follows that

ir if sgn(ébmg —amy) = —1,

{0 if sgn(&bmg — amq) = +1,
o =
2

(175)

Lo if sgn(ébmy — amy) = —€.

= {0 if sgn(€bmy — amy) = +£,
2

That is, the matrix U is real and orthogonal (corresponding to « = 5 = 0) if and
only if ab > ¢ and bmy > amq. In App. B, we show that ab > ¢? and bms > am; are
both satisfied if and only if det M > 0 and Tr M > 0. In particular, we can identify
my and mg as the two eigenvalues of M. Hence, in this case the diagonalization of
M by a real orthogonal matrix given in Sec. 4 constitutes a Takagi diagonalization
of M (cf. footnote 1 of Sec. 7).

In the case of m; = mg, it follows that a = —b, so that det M < 0. Indeed,
Eq. (166) yields a + 8 = *’R’ which implies that the Takagi diagonalization matrix
U is not real, as expected
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Appendix A. Singular Value Decomposition of a Matrix with
Degenerate Singular Values Revisited

Recall that the singular value decomposition of the 2 x 2 matrix M = (g Z) with
two degenerate singular values given by m = \/|a|? + |c|? is,
LTMR =mlaxs. (A.1)

In general we can parametrize two 2 X 2 unitary matrices L and R in Eq. (41) by

COS HL ei¢L sin 9L @_iOCL 0
L=t = ‘ : A2
ULt (_€_Z¢L sinf;,  cosfp 0 e L) (A.2)
cosOp ePrginfg\ (e~ or ()
= UnPr = : ). (A
1= Urlr <_€_1¢R sin g cosOr >< 0 e—zBR> (A.3)

Here, we will allow the phase matrices P;, and Pr to be different, although in the
end only oy, + agr and f1, + Br are fixed by Eq. (A.1).

Consider the case of degenerate singular values treated in Sec. 5. If P, # Pg,
then Eqgs. (87)—(89) are slightly modified,

mecosf = e Hartanr) (a cosOgr — ce 'R gin 03)

= —%ei(ﬂLJrﬁR) (acosOp —ce™ " sinfp), (A4)

me'?r sinf; = —e'(Prthr) (Ecos Or — be *% sin QR)
c

= —¢~iartar) (6cosOr —be™ " sin ). (A.5)

Since both Eqs. (87) and (88) cannot simultaneously vanish, it follows that
gilaL+ar+BL+8r) _ _E% . (A.6)
As previously noted in Eq. (79), degenerate singular values exist if and only if
la| = b, |e|=|¢] and a*c= —bé". (A7)
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Equation (A.7) also implies that a*¢ = —bc*. By re-expressing b in terms of a,c
and ¢, one can cast the matrix M in the form,

M |aei®e |c|ei®e
o clei®s  —|a|ei(®etde—da)

ida/2 0 i$a/2 0
_ (e ‘ lal el (e | . (AS)
0 et(@e—da/2) lc|  —lal 0 ei(¢e—0a/2)

where a = |ale’®s, ¢ = |c|e’®c and & = |¢|e??s (after making use of |¢| = |&]).
One possible choice for the singular value decomposition of M [Eq. (A.1)] is to
employ the unitary matrices

e ita/2 0 o—iba/2 0
L - < O e—i(¢5_¢a/2)> QPa R - ( O e_i(¢6_¢a/2)> QP, (A.g)

where @ is a real orthogonal matrix and P is a 2 x 2 diagonal phase matrix P =
diag(i,1). Then, Eq. (46) yields

@ <||Z}|| —||2> Q= (Tg 7?1) Pt = (_73 ,i) ; (A.10)

m=+/|a|?+ |c|?. (A.11)

That is, @ is the real orthogonal matrix that diagonalizes the real symmetric matrix,

where

(E\l —I‘gll)’ whose eigenvalues are A1 2 = —m, m (whereas its singular values are

degenerate and equal to m). The explicit form for @) can be determined using the
results of Sec. 4.

Hence, one possible choice for the singular value decomposition of M takes the
following form in the case degenerate singular values,

wlyns — LTMER — PTOT (|a| c|> op

el —lal

(i 0)[cos® —sind) (la |c] cosf sin@\ (i O
_<0 1) (sin9 COSH) <|c| —la| ) \—sin@ cosf)\O 1 » (A12)

where the rotation angle 6 of the orthogonal matrix @ is given by [cf. Eqgs. (38)—

(39)];
cosﬁzww, sinﬁzww. (A.13)

It is instructive to check that Eqs. (A.12) and (A.13) are consistent with the
general form of the singular value decomposition in the degenerate case obtained
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in Egs. (A.4)—(A.6). If we compare Eq. (A.9) with the forms for L and R given in
Egs. (A.2) and (A.3), we can identify,

1
0r =0r, aL:aR:§(¢a—7r),

Br=bs— 5bur Br= e 300, (A.14)
éL = ¢z — Pa, OR = Pc — Pa -

Note that by inserting ¢ = |c¢|e’®s and & = |c[e!? into Eq. (A.6), it follows that
ap +ar+BL+ Br=¢c+ bz — T, (A.15)

which is consistent with Eq. (A.14).
Finally, we insert Eq. (A.14) into Egs. (A.4) and (A.5) to obtain,

mcosf = |c|sinf — |a| cos @, (A.16)
msin® = |a|sinf + |c| cos b, (A.17)

where § = 0 = 6. Both equations above are consistent, in light of Eq. (A.11),

and yield
/m 2
tanf = l \a| m +|al (A.18)
m—la] Ial = lal”

which coincides with the result of Eq. (A.13).

Of course, Eq. (A.12) is not the most general singular value decomposition of
M in the case of degenerate singular values, since we are free to choose a more
general form for R that would yield 67, # 6g. For example, it is possible to choose
L = T545. To see that this is a consistent choice, we plug this result back into
Eq. (A.1) to obtain

MRzmﬂgxg. (Alg)
Multiplying this equation by its adjoint yields,
MMT = MM = m*1ay,. (A.20)

By explicit computation with M = (‘; ;),

MM = MM = (|a]* +|c[*) Laxz (A.21)

after making use of Eq. (A.7). Indeed, Egs. (A.20) and (A.21) are equivalent in light
of Eq. (A.11). Therefore, it follows that Mt = m?M~'. Inserting this last result
into Eq. (A.19), we conclude that one of the singular value decompositions of M in
the case of degenerate singular values is given by

1
L"TMR =mlayy, where L =1Tgy9and R=—MT. (A.22)
m
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By a similar argument, one can obtain another singular value decompositions of M
in the case of degenerate singular values by taking R = 1545, which yields

1
L"MR =mlsys, where L = %M* and R = Taxs . (A.23)

Appendix B. On the Takagi Diagonalization of a Real 2 x 2
Symmetric Matrix

At the end of Sec. 7, we considered the Takagi diagonalization of a real symmetric
matrix, UT MU = diag(my, ms), where m; and my are the singular values of M

(which are non-negative quantities). Thus the Takagi diagonalization of M = (’Z Z)

differs from the diagonalization of M treated in Sec. 4 unless the eigenvalues of M
are non-negative. One consequence of Eq. (175) is that the Takagi diagonalization
matrix U is a real orthogonal matrix if and only if ab > ¢? # 0 and bmg > am;y. In
this Appendix, we shall verify this last assertion.

Since ab > ¢ # 0, then a and b are either both positive or both negative. First,
assume that a, b > 0. Then, the condition bmgy > am; is equivalent to the condition
that (mz2/m1)? > (a/b)?. Employing Eq. (168), it follows that

bz[a2+b2+202+ﬁ] > a? [a2+b2+202fﬁ] , (B.1)
which yields
(a® +b%)A > (a® = b%) (a® + b* +2¢%) . (B.2)

This equality is trivially satisfied if a < b, so let us assume that a > b. Then, one
can square both sides of the inequality above to obtain,

(a® + 192)2 [(a® + b + 202)2 —4(ab— c2)2] — (a® - b2)2(a2 + 0% + 202)2 >0. (B.3)
After some algebraic manipulations, the end result is
4c®(a + b)?[ab(a + b)* + (ab — ¢*) (a — b)2] >0, (B.4)

which is manifestly true given that a, b > 0 and ab > c2.

Second, assume that a, b < 0. Then, the condition bmsy > am; is equivalent
to the condition that (mg/m1)? < (a/b)%. Following the same steps as above, one
obtains inequalities that are never satisfied. Hence, one can conclude that if ab > ¢2,
then bmso > am; is satisfied if and only if a, b > 0. Finally, the conditions ab > ¢?
and a, b > 0 are equivalent to the conditions that det M > 0 and Tr M > 0.
Thus, when these two conditions are satisfied, then the matrix U can be chosen to
be real and orthogonal, in which case the Takagi diagonalization of M reduces to
the standard diagonalization of a real symmetric matrix M by a real orthogonal
similarity transformation.
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